For 3-body problems with any given masses m 1 , m 2 , m 3 > 0, there exist only Eluerian collinear central configuration and Lagrangian equilateral-triangle central configuration. In 2004, for planar 3-body problem, Zhang and Zhou (Celestial Mech. Dyn. Astron. 90: [239][240][241][242][243] 2004) proved that the variational minimizer of the Lagrangian action restricted on a suitable loop space, is just an Eulerian collinear central configuration. In this paper, for spatial 3-body problem, we prove that there exists other trajectory q, not the variational minimizer of the Lagrangian action, is also an Eulerian collinear central configuration. Moreover, we do not need the restriction on the winding number deg(q i − q j ) = 0 (i = j).
Introduction
Firstly, we introduce a definition on the central configuration [26] . Defiition 1.1. Given N mass points m i with position q i (t) ∈ R 3 , i = 1, 2, . . . , N . A configuration q(t) = (q 1 (t), q 2 (t), . . . , q N (t)) T ∈ X \ ∆ is called a central configuration if there exists a constant λ ∈ R such that      i =j 1 j N m j m i |q j −q i | 3 (q j − q i ) = λm i (q i − c 0 ), i = 1, 2, . . . , N,
where X \ △ = {q(t) = (q 1 (t), q 2 (t), . . . , q N (t)) T ∈ (R 3 ) N : q i (t) = q j (t), when i = j}, c 0 , V and I represent the center of masses, the Newtonian potential and the moment of inertia, respectively, which are given by
In fact, the set of central configurations are invariant under three classes of transformations on (R 3 ) N : translations, scalings and orthogonal transformations [26] . The study of central configurations is a very important subject in celestial mechanics with a long and varied history [18] , and a well-known fact is that finding the relative equilibrium solutions of the classical N -body problem and the planar central configurations are equivalent. There are a lot of elegant works on central configurations [8, 12, 15, 19, 20, 24, 27, 28, 30] , but very few works are concentrated on finding the concrete central configurations. In this paper, we are interested in searching a kind of important central configuration: Eulerian collinear configuration.
In 1767, Eulerian [11] found the well-known Eluerian collinear central configuration for the 3-body (N =3) problems. In 1772, Lagrangian [14] proved the famous equilateral-triangle central configuration. In fact, for 3-body problems with any given masses m 1 , m 2 , m 3 > 0, there are only two class of central configurations: Eluerian collinear central configuration and Lagrangian equilateral-triangle central configuration [1] .
In 2000, by anti-T /2 symmetry condition, Long and Zhang [16] (also see [6] ) proved that for any given positive masses m 1 , m 2 and m 3 , the regular variational minimizers of the Lagrangian action in R 3 and R 2 are precisely the Lagrangian equilateral-triangle central configuration. Since then, some other authors attempt to use a different philosophy, i.e. using the winding number condition instead of the anti-T /2 symmetry condition, to study the Lagrangian equilateraltriangle central configuration. Here, we recall the notation of winding number.
] be a given oriented closed curve, and p ∈ R 2 be a point not on the curve, then the mapping φ : C → S 1 , given by
is defined to be the position mapping of the curve C relative to p. When the point on C goes around the curve once, its image φ(x(t)) will go around a number of times, this number is called the winding number of the curve C relative to p, and we denote it by deg(x). In 2001, by assuming deg (q i −q j ) = 0 (i = j), Zhang and Zhou [29] (also see [23] ) proved that for any given choice of the three positive masses, the variational minimizers of the Lagrangian action in R 3 is also the Lagrangian equilateral-triangle central configuration. Now, let us recall the recent process on the Eulerian collinear configuration. Very few existence results have been established for the Eulerian collinear configuration, and here we sketch one work, which is relevant for the present paper. In 2004, for planar 3-body problem, besides the winding number restriction, Zhang and Zhou [31] added the condition that q 3 (t) − q 1 (t) = λ(q 2 (t) − q 1 (t)) (λ > 0), they proved that the variational minimizer of the Lagrangian action is just the Eulerian collinear central configuration.
Compare the works [6, 16, 23, 29] with the work [31] , and we will ask three interesting questions: Question 1. Is the variational minimizer of the Lagrangian action the unique Eulerian collinear central configuration ?
Question 2. Without winding number restriction, can we use the anti-T /2 symmetry condition to obtain the existence of the Eulerian collinear central configuration ?
Question 3. For spatial 3-body problem, can we obtain the existence of the Eulerian collinear central configuration ?
In this paper, by a new mountain pass theorem, the perturbation of the potential and some other known results, we will give positive answers to the above three questions. More precisely, without the winding number condition, we will prove that for spatial 3-body problem, the variational minimizer of the Lagrangian action restricted on that loop space [31] is not the unique Eulerian collinear central configuration, i.e. there exists other trajectory q, which can form an Eulerian collinear central configurations.
The organization of this paper is as follows: In Section 2, we give the main result. Section 3 is devoted to introducing some useful Lemmas. In Section 4, we prove the main result.
Main result
In what follows, for any given positive masses m 1 , m 2 and m 3 , the configuration space of 3-body problem in R 3 is described as
For any given period T > 0 and masses m i > 0 (i = 1, 2, 3), we define the loop space
where λ > 0 is a constant. We also define a new loop space without the winding number condition as the following
where λ 0 satisfies
From ([32, Pages 159-160]), we know:
(i) Equation (2.2) has a unique solution 0 < λ 0 < 1;
(ii) For the λ 0 , if there exists q = (q 1 , q 2 , q 3 ) such that q 3 (t) − q 1 (t) = λ 0 (q 2 (t) − q 1 (t)), then q is the Eulerian collinear central configuration.
Remark 2.1
We wish to study the Eulerian collinear configuration for 3-body problem, so the non-collision condition q i = q j f or i = j in our new loop space Λ 2 is natural.
Remark 2.2 It is well-known that the motion of 3-body problem, yields the following equation
Obviously, combining the above (ii), the periodic solution of system (2.3) in Λ 2 is an Eulerian collinear central configuration.
3), we define the Lagrangian action on Λ 2 :
In order to get the existence of periodic solution for system (2.3), a well known technique is to find the critical point of f (q). Sine the new loop space Λ 2 is not complete and has special collinear geometry structure with the ratio λ 0 , there is no obvious extension of the critical theory directly to this case. Thus new ideas are needed to approach non-complete space with this special collinear geometry structure. In this paper, we will use the perturbation of the potential V (q) = − 1 i<j 3 m j m i |q i −q j | to establish the existence of periodic solutions for system (2.3).
We are now in a position to state our main result.
Theorem 2.1 There existsq in the loop space Λ 2 , which is different from the minimizer of f (q) onΛ 1 , forms an Eulerian collinear central configuration.
Remark 2.4 (i) By using a direct variational method, Zhang and Zhou [31] proved that the minimizer of f (q) onΛ 1 , forms an Eulerian collinear central configuration. But now by using a different philosophy, i.e. a new mountain pass theorem, the perturbation of the potential V (q) and some other known results, we proved that there exists other q can forms an Eulerian collinear central configuration, i.e., the minimizer of f (q) onΛ 1 , is not the unique Eulerian collinear central configuration.
(ii) Sinceq ∈ Λ 2 , we do not need winding number condition: deg(q i − q j ) = 0 (i = j).
It is easy to see that the planar loop space
is a special case of spatial loop space Λ 2 , which implies that Theorem 2.1 also holds for the planar loop space Λ. So we have the following corollary. 
Useful lemmas
In 2019, Ding, Wei and Zhang [9] obtained the following extension of the mountain pass theorem.
Lemma 3.1 [9, Theorem 1.4] Let X be a Hilbert space,f ∈ C 2 (X, R), q (e) , q (e 1 ) ∈ X and r > 0 such that 0 < q (e 1 ) X < r and q (e) X > r, andf (θ) <f (q (e) ) =f (q (e 1 ) ). Then, for each small enough ε > 0, there existsq ∈ X such that
and
In the well-known mountain pass type theorems [2, 4, 5, 21, 22, 25] , we see that c 0 c 1 . But Lemma 3.1 is independent of c 0 , which implies that Lemma 3.1 holds not only for c 0 c 1 , but also holds for c 0 < c 1 .
Employing Lemma 3.1, we have the following result which also holds without the restriction of c 0 c 1 .
, q (e) , q (e 1 ) ∈ Λ 2 and r > 0 such that 0 < q (θ) < q (e 1 ) < r and q (e) > r, andf (q (θ) ) <f (q (e) ) =f (q (e 1 ) ). Then, for each small enough ε > 0, there existsq ∈ Λ 2 such that
Proof. The proof can be followed by Lemma 3.1. But for readers' convenience, we sketch the proof details. To avoid unnecessary repetition, we only give the frame of the proof.
Step 1. From the calculations in quantitative deformation lemma [9, Lemma 2.1] (one can also see [2, 3] ), it is clearly to find that if we change the Hilbert space X into the above loop space Λ 2 , the quantitative deformation lemma holds as well, i.e., Let Λ 2 be defined as (2.1), and ε be a small enough positive number.
Then there exists η ∈ C(Λ 2 , Λ 2 ), such that
Step 2. By Step 1, the quantitative deformation lemma [9, Lemma 2.1] is true for Λ 2 , so all proof manipulations appealing to X in Lemma 3.1 is adapted to Λ 2 here again. Therefore, we finish the proof. In order to study the Eulerian collinear central configuration of system (2.3), firstly we consider the following system, i.e. the perturbation of fixed energy system:
whereε > 0 is a constant, h represents the fixed energy. Let
Observing that Λ 2 ⊆ W 1,2 0 (R/T Z, R 3 ), then we have the following lemmas:
Lemma 1] For anyε > 0, let qε ∈ Λ 2 be such that ϕ ′ε (qε) = 0 and qε > 0 and set
Then for any fixed energy −s/2 < h < 0,qε(t) := qε(ωεt) is a non-collision solution of system (3.1).
, by Sobolev's compact embedding theorem (or see [17, Proposition 1.2]), we know q (n) → q uniformly on [0, T ]. Since q ∈ ∂Λ 2 , there exists t * ∈ [0, T ], q l and q r (l, r ∈ {1, 2, 3}) such that q l (t * ) − q r (t * ) = 0. Therefore, there exists δ > 0 such that |q (n)
So we can assume that q l (t * +δ)−q r (t * +δ) = 0 and we find log |q 
Noting that q (n) l −q (n) r converges weakly to q l −q r , then q 
Then, by (3.4), (3.6) and Fatou's lemma, it yields that lim sup
From this, we complete the proof. From the definition of the functional ϕε(q) and the loop space Λ 2 , we know that ϕε ∈ C 2 (Λ 2 , R). Moreover, we can prove the following lemma. Lemma 3.6 There exist q (θ) , q (e) , q (e 1 ) ∈ Λ 2 , r > 0 such that 0 < q (θ) < q (e 1 ) < r and q (e) > r, and ϕε(q (θ) ) < ϕε(q (e) ) = ϕε(q (e 1 ) ).
Proof. We divide the proof into two steps.
Step 1. We search for q (e) , q (e 1 ) ∈ Λ 2 such that q (e 1 ) < q (e) and ϕε(q (e) ) = ϕε(q (e 1 ) ).
Let q (e) i (t) ∈ R 3 with i = 1, 2 such that |q Since µ = (−s − h)/h and −s/2 < h < 0, we get T 0 hµ 2 + sµ − (s + h) dt = 0, which implies that there exists q (e 1 ) < µ q (e 1 ) = q (e) such that ϕε(q (e) )=ϕε(q (e 1 ) ).
Step 2. We search for the q (θ) such that ϕε(q (θ) ) < ϕε(q (e) ) = ϕε(q (e 1 ) ). Denote q (E) = x · q (e) = x · (q 
.
Note that
, where x = µ > 1, ϕε(q (e) ) = g(1) = ϕε(q (e 1 ) ) = g(µ).
Then we conclude that there exists 0 < x << 1 such that      q (θ) = x · q (e) , where 0 < x << 1, q (θ) < q (e 1 ) < q (e) , ϕε(q (θ) ) < ϕε(q (e) ) = ϕε(q (e 1 ) ).
By now, we complete the proof of Lemma 3.6.
In [3] , the authors assumed that Ω = R 3 \{0}, and the potential V (q)
Clearly, the potential V (q) = − 1 i<j 3 m j m i |q j −q i | in this paper satisfies conditions (V 1 ) − (V 4 ). We set
With the aid of Lemmas 3.2 and 3.6, there exists a sequence {q (n) } ⊆ Λ 2 ⊆ Λ 0 , such that ϕ(q (n) ) →ĉ, and ϕ ′ε (q (n) ) → 0. Combining Lemma 3.5, there exist constants M 1 and β such that 0 < β ϕε(q (n) ) M 1 and ϕ ′ε (q (n) ) → 0. Then employing h < 0 and Lemma 3.4, all the conditions of [3, Lemma 5] are satisfied. Thus we have
is a positive constant, and ϕ ′ε (q (n) ) → 0, then (up to a subsequence) q (n) → q * ∈ Λ 2 .
In Lemma 3.2, takef (q) = ϕε(q). Then we have Lemma 3.8 There exists ε 0 > 0 such that for anyε ∈ (0, ε 0 ), there is qε satisfied that qε is the critical point of ϕε in Λ 2 . Moreover, there exist a, b > 0 such that 0 < a qε b holds for anyε ∈ (0, ε 0 ).
Proof. By Lemmas 3.6 and 3.7, we know all the assumptions of Lemma 3.2 are satisfied. Then by Lemma 3.2 and Remark 3.2, there exists a critical point qε ∈ Λ 2 of ϕε. The rest of the proof is the same as the proof of Lemma 6 in [3] , so we omit the details. Remark 3.3 (i) The same conclusion of Lemma 3.8 was obtained in [3] with the condition of qε ∈ Λ 0 ,
(ii) In 1992, Ambrosetti and Zelati used the conclusion (ii) of Lemma 2 in [3] (i.e. there exist ε 0 > 0, q (θ) , q (e) ∈ Λ 2 with q (θ) < ρ < q (e) , and positive constant ρ, β which satisfies Lemma 3.6, such that ϕε(q (θ) ) < β, ϕε(q (e) ) < β for anyε ∈ (0, ε 0 )), to obtain the same conclusion of Lemma 3.8 in Λ 2 . But now since the loop space Λ 2 has geometry structure q 3 (t) − q 1 (t) = λ 0 (q 2 (t) − q 1 (t)) where λ 0 satisfies
then for q ∈ Λ 2 , the method in [3] is invalid, more precisely, it is very difficult to obtain the conclusion (ii) of Lemma 2 in [3] , which implies that it is very difficult to verify c 0 c 1 (c 0 := inf q =r ϕε(q), c 1 := max{ϕε(q (θ) ),f (q (e) )}) in the known mountain pass type theorems, but fortunately, Lemma 3.2 holds without the restriction of c 0 c 1 .
Consider the functional f (q) defined in (2.4) , then by Lemma 3.9, similar to the method of [31] , we have
Let λ 0 be given as (2.2), and we use the following notations:
Then (3.9) changes to
Define the loop space 
Proof of Theorem 2.1
We divide the proof into 2 parts. Part 1. Without the winding number condition deg(q i − q j ) = 0 (i = j), we prove the existence of Eulerian collinear central configuration.
Note that in the new loop space Λ 2 , if we let the periodic solution of system
beq, thenq is also the periodic solution of system (2.3), i.e. system
Employing Remark 2.2, we know the periodic solutionq is just an Eulerian collinear central configuration.
In the loop space
, then it is nature to define the functional
because the existence of critical points of ϕ 1 implies the existence of periodic solutions of system (4.1). If we takef (q) = ϕ 1 (q) in Remark 3.2, then in what follows, we only need to find the critical point of ϕ 1 in Λ 2 . Obviously, our new loop space Λ 2 is not complete, which implies that iff (q) satisfies the (P.S.) condition in Λ 2 , the critical point (i.e., the limit of the (P.S.) sequence) off may not belong to Λ 2 , so we can not takef (q) = ϕ 1 (q). In order to overcome this problem, according to the perturbation of Newtonian potential V (q), we substitute
and then consider the functionalf (q) = ϕε(q) by (3.3). By Lemmas 3.3 and 3.8, similar to proof of Theorem A [3] (Pages 197-198), we prove that for all h < 0, system (4.1) has a periodic solutionq ∈ Λ 2 with the value of functional ϕε(q) =ĉ = inf γ∈Γ max t∈[0,1] ϕε(γ(t)) wherê Γ := {γ ∈ C([0, 1], Λ 2 ) : γ(0) = q (θ) , γ( 1 2 ) = q (e 1 ) , γ(1) = q (e) }.
Then from the periodic solutionq of system (2.3), is just an Eulerian collinear central configuration, we know thatq is also an Eulerian collinear central configuration, and we also do not need the winding number condition deg(q i − q j ) = 0 (i = j) in the new loop space Λ 2 .
definition of Λ 2 , we haveq 2 (T /2) −q 1 (T /2) = −[q 2 (0) −q 1 (0)], which impliesq 2 (t) −q 1 (t) ≡ 0. Soq 2 (t) ≡q 1 (t) which contradicts the definition of Λ 2 . Thus, we prove thatq =q, which means that the Eulerian collinear solutionq obtained by Part 1, is different from the Eulerian collinear solutionq obtained in [31] .
Remark 4.1 In Theorem A [3] , for all h < 0, the authors proved that system (4.1) has a periodic solutionq in Λ, but now we can prove that for all −2s < h < 0 (s defined as (3.2)), system (4.1) has a periodic solutionq in Λ 2 , and the loop space Λ 2 has geometry structure q 3 (t) − q 1 (t) = λ 0 (q 2 (t) − q 1 (t)) where λ 0 satisfies (2.2).
